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Functional analysis is a branch of mathematical analysis that focuses on the study of
vector spaces and operators acting upon them. It has a wide range of applications in both
pure and applied mathematics, as well as in various scientific fields. Some of the key areas
where functional analysis is used include:

« Partial Differential Equations (PDEs): Many techniques in functional analysis
are used to study and solve PDEs, which model physical phenomena such as heat, fluid
flow, and waves.

e Quantum Mechanics: Functional analysis provides the mathematical foundation for
quantum theory, especially through Hilbert spaces and linear operators.

o Signal Processing: Tools from functional analysis, such as Fourier transforms and
wavelets, are essential in signal and image processing.

e Control Theory: Functional analytic methods help in modeling and solving problems
related to dynamic systems and feedback control.

e Economics and Optimization: Functional analysis is used in the study of infinite-
dimensional optimization problems and economic equilibria.

o Numerical Analysis: It underpins the theoretical framework for various numerical
methods, including finite element methods.

In summary, functional analysis plays a critical role in both theoretical and applied
contexts, bridging abstract mathematical theory with practical applications.

The goal of this lecture is to provide an introduction to functional analysis, which will
enable further interest and research in the aforementioned areas. In the final lectures, we
will aim to build the framework of functional analysis and explore variational methods that
allow us to solve elliptic equations, such as the famous nonlinear Schrédinger equation

—Au+V(x)u = f(u),

or the Dirichlet problem, which is important from the perspective of physics, applications,
and is interesting in terms of functional analytic tools.



1 Banach and Hilbert Spaces

1.1 Normed spaces and complete norms, examples

Definition 1.1. A normed space (X, || - ||) is a vector space X over R or C equipped with
a function || - || : X — R, called a norm, satisfying the following properties for all z,y € X
and o € R (or C):

« Positivity: ||z|| > 0, and ||z|| = 0 if and only if z = 0.
« Homogeneity (absolute scalability): ||az| = |« - ||z].
« Triangle inequality: ||z + y| < ||z| + ||yl

Definition 1.2. A sequence (z,,) in a normed space (X, || -||) is called a Cauchy sequence if
for every € > 0 there exists N € N such that for all m,n > N, we have ||z, — x| <.

A normed space is said to be complete if every Cauchy sequence in X converges to a limit
in X. A complete normed space is called a Banach space.

Example 1.1 (Classical Banach spaces).

» The sequence space F for 1 < p < oo consists of all sequences x = (z,,)32, of scalars
such that:
laf, = { Erzlea) 1< p <o,
€T =
" | supen [l if p = oo,

is finite. Each /P space is a Banach space.

o The space LP([a,b]) for 1 < p < oo consists of (equivalence classes of) measurable
functions f : [a,0] — R (or C) such that the p-th power of the absolute value is
integrable:

/p
|vmz{0ﬂﬂﬂww> it1<p< oo,
ess SUDycpy ()] i p = o0,

These spaces are Banach spaces.

e The space C([a,b]) of continuous real (or complex) functions on [a, b] equipped with
the supremum norm

[flloe = sup [f(z)|

z€[a,b]
is also a Banach space.
Example 1.2 (Non-complete normed space). Let coo denote the space of sequences with

only finitely many nonzero terms, equipped with the /Z norm for some 1 < p < oo. Then
(coo, || - |lp) is @ normed space, but it is not complete — its completion is 7.

Remark 1.1. Every norm induces a metric d(z,y) = || — y||, so every normed space is a
metric space. However, not every metric space arises from a norm.



1.1.1 Direct sum of normed spaces

Let (X, - |lx) and (Y, || - |[y) be normed vector spaces over the same field (e.g., R or C).
The direct sum of X and Y, denoted by X @Y, is the Cartesian product X x Y equipped
with the following operations:

(z1,91) + (T2, 92) i= (71 + 22,51 +42), A~ (2,9) == Az, \y)
and a norm defined, for example, by:
1@, y)ll = ll=llx + [lylly
Alternatively, one can use:

12, y)lloo = max{|lz]|x, lylly }

or.
1/2
(@)l = (Il + vl

Each of these norms turns X ¢ Y into a normed space. The specific choice of norm
depends on the context and desired properties. All the above norms are equivalent, i.e. there
are constants 0 < a < b such that

al|(z, y)lli < (2, y)lle < bll(2,y)|l;

for any (z,y) € X xY and i =1,2.

1.1.2 Quotient space

Let (X, || - ||) be a normed vector space and let X, C X be a closed linear subspace. The
quotient space X /Xy is the set of equivalence classes

X/ Xo :=A{[zx] :x € X}, where [z] :=2+ Xo={x +x¢: 20 € Xo}.

Two elements x,y € X belong to the same equivalence class if and only if x — y € X,. The
space X/ X, becomes a normed vector space when equipped with the norm

]llx/xo := inf o+ ol = Inf, 1]

With this norm, X/Xj is a normed space.

Theorem 1.1. Let (X, || -||) be a Banach space and let Xy C X be a closed linear subspace.
Then the quotient space X /Xy, equipped with the quotient norm

2]l x/x0 = xgg)f(o |z + 2ol

is a Banach space.



Proof. Let ([z,])nen be a Cauchy sequence in the normed space (X/Xo, || - ||x/x,). We will
show that ([z,]) converges in X/X.
Since ([z,]) is Cauchy, we can pick an increasing sequence of indices (ny)gen such that

Zngss] = [Tl x/x0 < 27F for all k € N.

Note that
[xnk+1] - [Ink] = [x”kﬂ - xnk]

By the definition of the quotient norm, for each k there exists u; € X, such that
—k

Now, we define a sequence (yi) in X by

k
Y1 = Ty Ykt1 i= Tnyy + ZUj (k>1).
j=1

Since each u; € X, we have [y;] = [z,,] for all k. Moreover,

Yk+1 — Yk = (xnk+1 - xnk) + Uk,

hence
[gksr —mll <27% (ke N).

It follows that (yx) is Cauchy in X, because for m > k,

k—o0

m—1 m—1 o0
lym — vl < S Ny — il < 3o 277 <3 277 = 27k . 0.
Jj=k j=k j=k

Since X is Banach, there exists y € X such that y, — y in X. We claim that [z,] — [y] in
X/Xy. First, for the subsequence we have

lzn] = Wlllx/x0 = Wye = ylllxyxo = E 10y = ) +zoll < (g —y) + 0l = [lye =yl = 0.

Thus [z,,] — [y] in X/X,. Since ([z,]) is Cauchy in X/Xo, [z,] — [y] in X/Xo. O

1.1.3 Completion of a normed space

Let (X, || - [|) be a normed vector space over R or C. A completion of X is a Banach space
(X, || - |lg) together with a linear isometry
J: XX

such that J(X) is dense in X, ie. J(X) = X. In this situation we identify X with its image
J(X) and writes X C X. We denote also

—

< _5



Abstract construction: Consider the set C(X) of all Cauchy sequences in X:
C(X) i= { (za)nerr © X ¢ () is Canchy in |- | }.

Define an equivalence relation on C(X) by

(@n) ~ (Yn) = |z =yl —= 0.

n—oo

Let X := C(X)/ ~ be the set of equivalence classes and denote the class of (z,,) by [(z)].
Define addition and scalar multiplication by

()] + [(yn)] = [(en +y)], Allzn)] = [(Azn)],

These operations are well-defined and make X a vector space. Now we define
@)l = lim [

This limit exists because (z,) Cauchy implies (||z,||) is Cauchy in R, hence convergent.
Moreover, if (2,) ~ (yn) then [[z,| — [[ya|| — 0, so the limit does not depend on the chosen
representative. Thus [ - || is well-defined and is a norm on X.

Finally, define the canonical embedding (isometry)

J:X =X, J(z) = [(z,z,x,...)].

Then [[J(x)|¢ = ||z| for all z € X, so J is an isometry. Moreover, J(X) is dense in X:
given [(2,,)] € X, we have J(z,) = [(2,)] in X.

Completeness and uniqueness: The space (X, ]| - | %) is complete, hence a Banach
space. Moreover, if (Y[ - [ly) is another completion of X with an isometric embedding
I : X — Y whose range is dense, then there exists a unique linear isometry 7' : X — Y such
that T'o J = I. In particular, completions are unique up to a unique isometric isomorphism.

Example 1.3. The completion of (Q, |- ) is (R, |- |).

Example 1.4. For 1 < p < oo, we have the inclusion C([a,b]) C LP([a,b]) and C([a,b])
is dense in LP([a,b]). Hence the completion of C([a,b]) with respect to the norm || - ||z» is
L7([a, b]).

Example 1.5. Let Q2 C R™ be open and 1 < p < co. Then C§°(Q2) is dense in LP(Q), i.e.
Therefore the completion of the normed space (C(‘)’O(Q), -l Lp(g)> is LP(Q2).

Later, we will construct Sobolev spaces as the completion of C§°(€2) with respect to norms
involving weak derivatives (differential operators), and we will use these spaces in the study
of partial differential equations.



1.2 Bounded Linear Operators

Definition 1.3. A linear operator T : X — Y between normed spaces is bounded if there
exists C' > 0 such that ||Tz||y < Cljz||x for all z € X. The least possible constant C' such
that the above inequality holds is denoted by ||T||.

Let X and Y be normed vector spaces over the same field (usually R or C). We define
a(X,)Y):={T: X — Y | T is linear and continuous}
as the set of all continuous linear operators from X to Y.
Theorem 1.2. 7' € o(X,Y) if and only if one of the following condition holds
e T'is continuous,
e T is continuous at 0,
e T is bounded.

In this case,

|IT|| =inf{C >0: ||Tz|ly <Cllz||x Yz € X} = sup ||[Tz|y = sup ||Tz|y.

|| x <1 lzllx=1
Proof. (1) = (2) is obvious.
(2) = (3). Assume T is continuous at 0. Then there exists 6 > 0 such that

|lz||lx <0 = ||Tz|y <1

Let z € X, x # 0, and set A := §/(2]|z||x). Then ||A\z|[x = /2 < §, hence | T(Az)|ly < 1.

By linearity,
1 1 2
ITelly = S ITO@)y < 5 =5 el

For x = 0 the inequality is trivial, so T" is bounded with C' = 2/§.
(3) = (1). Assume ||Tz||y < C||z|/x for all z € X. Then for any z,y € X,

[Tz = Tylly = T(z = y)lly < Cllz—ylx.

Thus T is Lipschitz, hence continuous on X.

Finally, for a bounded linear T define

M = sup |[[Tz|y.

ll=]lx <1

Then for any = # 0, writing © = ||z||x - ey 8lves

(i)

8

< [Jf[x M,
Y

[Ty = [l]lx




so M is an admissible constant. Conversely, if || Tx|y < C||z|x for all z then ||Tz|y < C
for all ||z]|x < 1, hence M < C. Therefore M is the least such constant and equals ||T]|.
Moreover,

sup ||Tz|ly = sup ||Tz|y,

llzllx <1 llzllx=1

since || Tx|ly < ||T ||z||x < ||T|| on the unit ball and, for any 0 < ||z||x < 1,
55)
[l x

The set a(X,Y") forms a vector space itself, and can be equipped with the operator norm

< swp ||Tully.

y  lullx=1

[Tzlly = [lz]lx

[]

1Tl = sup | T(z)[ly = sup [[T(z)y.

o]l x <1 [zl x =1

Theorem 1.3. (a(X,Y), || -|) is a normed vector space, and a Banach space if (Y, || - ||y) is
a Banach space.

Proof. 1t is clear that a(X,Y") is a vector space, indeed if S,T € a(X,Y) and A € F, then
S + T and AT are linear. They are also continuous because

1S+ D)zlly < ISzlly + | Tzlly,  [IATz|ly = A T=]ly-

Hence S+ T, \T € a(X,Y). Observe that the operator norm is a norm. For 7" € o(X,Y)
we have ||T'|| > 0 by definition and

AT = sup [[ATzlly = [A] sup [[Tlly = AT

[zl x <1 Izl x <1

Also,

IS+ T| = sup [[(S+D)zlly < sup ([ISzlly + | Tz]ly) < ISII+ 7]

llzllx <1 llzllx <1

Finally, if [|T']| = 0, then ||Tz||y = 0 for all ||z]|x < 1, hence by homogeneity ||Tz|y = 0 for
all z € X, s0 T =0. Thus || - || is a norm on a(X,Y).

We show the of completeness a(X,Y) provided that Y is complete. Let (T},) be a Cauchy
sequence in ((X,Y), || - ||). Fix z € X. Then

[Thx = Tozlly = [[(Tn = To)zlly < [[Th = Tl llz]lx,
so (T,z) is Cauchy in Y and hence converges (since Y is complete). Define
Tx:= lim Tox (z € X).

We show that T € a(X,Y) and T,, — T in operator norm.
Linearity of T'. For z,y € X and scalars A,

T(x+y) = lim T,(z +y) = lim (Tyx + Toy) = Te + Ty,

9



T(A\z) = lim T,,(Ax) = lim AT,z = \T'z.

n—oo n—oo

Boundedness of T and convergence in norm. Since (7T,,) is Cauchy, there exists N such
that for alln > N,
T, — Tn| < 1.

Hence for all n > N,
ITall < NTnll + 1T = T ll < 17wl + 1.

Let M := ||Tx|| + 1. Then ||T,|| < M for all n > N. For any = € X,

ITelly = lim || Toally < limsup [Tl [l2x < Mallx,
n—oo

so T is bounded, hence continuous, i.e. T' € a(X,Y).
Now fix € > 0. Since (7,) is Cauchy, there exists N, such that ||7,, — T,,|| < ¢ for all
n,m > N.. Fix n > N, and let m — oo. For any ||z|x <1,

(T, = Thally = Jim_ (T, — T)ally < limsup | T, — T < =

Taking the supremum over ||z||x <1 yields |7, — T'|| < ¢ for all n > N.. Thus T,, - T in
operator norm.

Therefore every Cauchy sequence in (a(X,Y),||-||) converges, so a(X,Y') is Banach when
Y is Banach. O

1.3 Hahn-Banach Theorem

Theorem 1.4 (Hahn-Banach). Let p : X — R be a sublinear function, i.e.
« p(Az) = Ap(x),
o plx+y) <plx)+ply), forall z,y € X, A >0,

and let f be a linear functional defined on a subspace Y C X such that f(y)
y € Y. Then f can be extended to a linear functional F' on X such that F'(x)
reX.

(y) for all

<p
< p(z) for all

Proof. The proof uses Zorn’s Lemma. Consider the set of all linear extensions of f to
subspaces of X dominated by p. Order this set by extension. Zorn’s Lemma ensures a
maximal element, which can be shown to be defined on all of X. n

Theorem 1.5 (Supporting functional / norm-attaining at a point). Let (X, ||-||) be a normed
space over R or C and let zy € X, o # 0. Then there exists a bounded linear functional
f € X* such that

Ifll=1 and  f(zo) = [lol|.
In particular,
[zol| = sup{|f(zo)| - f € X", |Ifl| <1}

10



Proof. Let Y := span{xy} and define fo : Y — F by
fo(Azo) := Alzoll (A €F),

where F € {R,C}.
Then fy is linear and for y = Axy we have

[fo()l = [A o]l = l[Azoll = [lyll-

Hence | fo(y)| < ||y|| for all y € Y.
Apply Hahn—Banach in the normed form (domination by the sublinear functional p(x) :=
|z]|) to extend fy to a linear functional f : X — F such that

f(@)| < ||lz]| VzeX.

This implies || f|| < 1. Moreover, f extends fy, so

f(x0) = fo(xo) = [|20ll.

Therefore || f|| > @)l _ ) pence If]| = 1 and f(zo) = ||zo- O

ol

1.4 Duals of Normed Spaces

Definition 1.4. The dual space X* = a(X,R) of a normed space X is the set of all bounded
linear functionals on X. In view of Theorem 1.3, X* is a Banach space.

Theorem 1.6. Let 1 < p < oo and let ¢ be the Hélder conjugate exponent of p, i.e.,

S =1
P q

Then the dual space (¢)* is isometrically isomorphic to ¢7.

Proof. Let e, = (0,---,0,1,0,---) with 1 at the n-th place. For every continuous linear
functional ¢ € (fP)*, there exists a unique sequence y = (y,,) such that

o(z) =Y zny, forallz = (z,) € ?,
n=1

that is y, := ¢(e,). We will show that y = (y,) € 9. Let 2, := |yn|" 2y, if y, # 0, otherwise
zp, = 0. Observe that

|f(Oor ziei)] oyl =
o » HEmzel ___ ELwl 5
IS e, — oy vy — 2z wieill

for each n. Letting n — oo, we get y € ¢ and ||¢| > ||y||,, Moreover,

¢(x) < [lzllpllylly,

11



so ||#]] < |ly|lq- This correspondence defines an isometric isomorphism
Q: () =11, Px)=y

This mapping & is linear, bijective, and satisfies

12()llq = llell-
O

Theorem 1.7. The dual space of £}, denoted (£!)*, is isometrically isomorphic to £*°. That
is, for every continuous linear functional ¢ € (61)*, there exists a unique sequence y = (y,) €
¢ such that

o(x) =Y xmy, foralz=(z,) €l

n=1

This correspondence defines an isometric isomorphism.
Remark 1.2. (' C ({>)*

Theorem 1.8. Let (X, A, 1) be a measure space.
If1<p<oo:

1 1
(LP(u))* = L%(p), where — + - =1
P 4q

That is, the dual space of LP is isometrically isomorphic to L9, and each bounded linear
functional ¢ € (LP)* can be represented as:

o(f) = [ F@)g@)du(a), for some g € L'(y)

Ifp=1:

(LY ()" = L>(n)
Each bounded linear functional on L! is given by integration against a function in L.
If p=oc:

L' (p) © (L% (p))"

In this case, the dual of L is strictly larger than L'. Specifically:

(L))" = ba(u)

where ba(u) denotes the space of bounded finitely additive set functions (not necessarily
o-additive).

Summary:
1
For 1 <p<oo: (LP)* = LY  where — + - =1
p q
Forp=1: (LY = L™
For p=o00: L' C (L™)*



1.4.1 Application of Hahn-Banach theorem

As in Theorem 1.5, for a given point xqg € X, we know that there is f € X* such that
f (o) = [[o]| and || f]|

Corollary 1.1. Let (X, | - ||) be a normed space. Then
[zl =~ sup |f(z)[ = _max _[f(z)]

= ax
fex |Ifl<1 fex= |Ifl<1

Proof. 1t f € X* and || f|| < 1, then |f(x)| < ||z|| for any 2 € X. On the other hand there
is g € X* such that g(x) = ||z|| and ||g||x+ = 1. O

Given two disjoint convex subsets A and B of a normed space X, can we find a continuous
linear functional f € X* that separates them — that is, such that the images f(A) and f(B)
do not overlap?

We will show that, under certain mild conditions on the sets A and B, such a functional
always exists.

Theorem 1.9 (Separation of Convex Sets). Let (X, || - ||) be a normed vector space and let
A, B C X be two disjoint convex subsets.

(i) If A is open, then there exists f € X* and ¢ € R such that

fla) <ec< f(b) foralla€ A, be B.

ii i 9 1, ) )
(ii) If A is compact and B is closed, then there exists f € X* and ¢1, ¢y € R, with ¢; < ¢
such that
fla) <cp <ca < f(b) forallae A, be B.

In order to prove theorem we need the following lemma.

Lemma 1.1 (Minkowski functional). Let (X, ||-]|) be a normed vector space, and let C' C X
be an open convex set with 0 € C'. Define, for each x € X,

p(z) := inf {a >0:a 1€ C} :
Then the function p : X — [0, 00) satisfies:
1. p(Ax) = Ap(x) for all A > 0 (positive homogeneity),
2. p(z+y) <p(x)+ply) for all z,y € X (subadditivity),
3. There exists a constant M > 0 such that p(z) < M||z|| for all x € X,

4. C={re X :p(x) <1}

13



Proof. 1. Let A > 0. Then
p(Az) = inf {Oé >0:a 'z e C} = inf{)\ﬁ >0:0 'z € C} = A\p(x).

2. Let 2,y € X and € > 0. Choose a < p(x) +¢/2, 5 < p(y) + /2, such that

x Yy
CYe(], BEC’.

S (0%
Define \ = a15 50 that

r+y

Yy _
.E_oﬁ—ﬁec

X
Ar—+(1-=2A
La-

by convexity. Hence,
px+y) <a+ B <pa)+ply) +e

Since € > 0 was arbitrary, we conclude that p(z +y) < p(x) + p(y).
3. Since C is open and contains 0, there exists » > 0 such that B(0,7) C C. Then for any
r € X, we have

Thus p(z) < Hff—” Let M := 1. Then p(z) < M||z|| for all z € X.
4. (C) Let x € C. Since C is open, there exists ¢ > 0 such that (1 + ¢)x € C. Hence
plz) < (1+e)t<1

(D) Suppose p(x) < 1. Then there exists o < 1 such that a~'z € C. Since C is convex
and 0 € C, we have:

r

] ]

xH:r:erC if x #£0.

r=a-(a'z)+(1—a)-0€C.

Hence, x € C. Therefore,
C={reX: px) <1}

]

Lemma 1.2 (Separation of a point and an open convex set). Let (X, || - ||) be a normed
space, let C' C X be a nonempty open convex set, and let zp ¢ C. Then there exists a
nonzero f € X* such that

f(z) < f(xg) forallz e C.

In other words, the affine hyperplane {x : f(x) = f(x¢)} strictly separates the point 2, and
the convex set C.

Proof. Since C' is convex and open and does not contain z(, we can translate everything by
picking some ¢y € C'. Define

D:=C-c¢ and yg:=1x9— Co.

Then D is still open, convex, nonempty, and 0 € D, while yo ¢ D. Define the gauge
(Minkowski) functional p : X — [0, 00) by

p(z) :==inf{a > 0:a 'z € D}.
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By Lemma 1.1, p is sublinear and satisfies p(z) < 1 < x € D. In particular, p(yo) > 1.
Consider the one-dimensional subspace Y = span{yo}. Define a linear functional g : ¥ —
R by

g(Ayo) = A
Then for any A\ € R,
g(Ayo) = A < A < p(Ayo),

where the last inequality uses sublinearity of p and p(yp) > 1. So g < pon Y.

By the Hahn—Banach Theorem 1.4, g can be extended to some f € X* such that f <p
everywhere and f(yo) = g(yo) = 1. In particular, f is nonzero.

For any x € C, write x = d + ¢y with d € D. Then p(d) < 1, and hence

f(z) = f(d+co) = f(d) + f(co) <1+ flco)
On the other hand,

f(@o) = f(yo + co) = f(yo) + flco) = 1+ flco).
Thus f(z) < f(zo) for all x € C, completing the proof. O

Proof of Theorem 1.9. (i) Assume A is open, convex, and disjoint from convex set B. Fix
ag € A, by € B and set
To :— Qg — b().

Define the set
C:={a—b:ac A, be B}.

Then C' C X is convex, and since AN B = (), we have 0 ¢ C'. Moreover, because A is open,
(' is also open in X. .
Now apply Lemma 1.2 and there exists a continuous linear functional f € X* and o > 0
such that
f(z) < f(0)=0 forallxeC.

In particular, for all a € A, b € B,
fla=0b) = f(a) = f(b) <0 = f(a) < f(b).
Since A is open, then f(A) is open and
f(a) <sup f(z) < f(b)

€A

(ii) Now suppose that A is compact and B is closed. Since the two sets are disjoint and
A is compact, the distance between them is strictly positive:

p:=inf{|la —b|| :a € A, be B} > 0.
We define the open p-neighborhood of A as

A, ={x e X :dist(z, A) < p}.
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This set is open, contains A, and is still disjoint from B, because every point in A, lies at a
distance strictly less than p from A, while all points in B are at least p away.

Now we can apply the result from part (i). Since A, is open and convex, and disjoint
from the convex set B, there exists a continuous linear functional g € X* and a scalar ¢c; € R
such that

gla) <cy < g(b) forallaec A, be B.

Because A C A, and A is compact, the image g(A) is compact in R, and the supremum

¢ :=supg(a)
acA

is attained. Hence, we obtain
gla) <cp <cy <g(b) forallae A, be B.

This establishes the strict separation between the sets A and B.

1.5 Open Mapping Theorem

Let (X, d) be a metric space. A subset D C X is called dense in X if every nonempty open
set G C X intersects D; i.e. for every x € X and any open neighborhood U 3 2, DNU # .

Theorem 1.10 (Baire’s Theorem). Let (X, d) be a complete metric space, and let {D,, }nen
be a sequence of subsets of X, where each D, is open and dense in X. Then the intersection

D = ﬂ D,
n=1

is also dense in X.
Lemma 1.3. Let (X, || - |) be a Banach space and let K C X be a closed, convex, and

symmetric set such that

X =JnK, wherenK :={nz:z¢cK}.
n=1

Then K must contain a neighborhood of the origin.

Proof. Since X = ;2 nK, we obtain
() (nK) =10
n=1

Because K is closed, each (nK)is open in X and in view of Theorem 1.10, (nK )¢ cannot be
dense for some n. Hence K¢ is not dense as well. This means that K has nonempty interior.
So for some z, there exists a ball B(z,r) C K, i.e., K contains a ball centered at some point
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z. Now, since K is symmetric, it contains both z and —z, and since K is convex, it must
also contain the midpoint between them, which is the origin:

Using convexity again,

]

Theorem 1.11 (Open Mapping Theorem). Let X and Y be Banach spaces, and let T' €
a(X,Y) be surjective. Then T is an open mapping; that is, for every open set U C X, the
image T'(U) C Y is also open.

Proof. We start by considering the image of the unit ball in X, defined as
K :=T(Bx(0,1)).

This set K C Y is convex, symmetric, and closed. Because T' is surjective, we have:

[0.9]
Y = U nk.
n=1
Now we use Lemma 1.3, which tells us that if a symmetric, convex, closed set K satisfies
Y = U2, nK, then K must contain a neighborhood of the origin. In particular, there exists

a constant ¢ > 0 such that:
By (0,4c) C K.

Observe that, for every n > 0

1 1
By (0, Wc) c 7(Bx(0, 2—”))
Now we show that By (0,¢) C T(Bx(0,1)). Let y € By(0,¢). Then, since By(0,c) C
T(Bx(0,1/4)), there exists a sequence of points in X that approximate y by 7. Indeed, take
¢ = 5. Then there exists x; € X such that

1
]l <

T and Hy—Tml||<g.

This implies that the remainder y — Tz € By (0,¢/2) C T(Bx(0,1/8)), so we can find
r9 € X with

c

"

Proceeding inductively, for each n € N, we choose x,, € X such that

1
|| ze|| < 3’ and ||y — Tz — Tas|| <

C
<27.

1 n
foall < g and l|y—zm
k=1

17



Define the partial sums
n
Zn = Z Tl
k=1

Then the sequence {z,} is Cauchy, because for n > m,

2o —zmll = || Do @l < D0 Nl < D ok+1 — omt1"
k=m-+1 k=m+1 k=m+1

So {z,} converges in the Banach space X to some element z € X. By continuity of T, we
have

Tz = nh_)rgo Tz, =y.
Furthermore,

ol <X ol <3 o = 5
n=1 n

=1

which shows that z € Bx(0, 1), and thus y = Tz € T(Bx(0,1)). This proves that
BY(07 C) - T(BX(O7 1))

So we have shown that the image of the unit ball under 7' contains an open ball around zero
in Y. Now we use this to show that 7" maps any open set in X to an open set in Y. Let
U C X be any open set, and take any point y € T(U). Then there exists © € U such that
T(x) =vy. Since U is open, we can find a radius r > 0 such that:

Bx(xz,r) C U.

Then:
T(U)D>T(Bx(xz,r)) =T(x+ Bx(0,r)) =y + T(Bx(0,r)).

But since T'(Bx(0,7)) =r - T(Bx(0,1)) D r- By(0,c¢) = By(0,rc), we conclude that:
T(U) D By(y,rc).

This means that 7'(U) contains an open ball around every point y € T'(U), so T'(U) is open
inY. ]

Remark 1.3. Observe that a normed space does not contain any proper and open subspace.
Hence if T": X — Y is a linear and open map between two normed spaces, then T is
surjective. Indeed, T'(X) is an open subspace of Y, hence T'(X) =Y.

Theorem 1.12 (Bounded Inverse Theorem). Let X and Y be Banach spaces, and let T' €
L(X,Y) be a bijective bounded linear operator. Then its inverse 77! : Y — X is also
bounded and linear; that is, T-! € L(Y, X).

Proof. Since T is a bounded bijective linear operator between Banach spaces, the Open
Mapping Theorem 1.11 applies. Thus, 7T is an open mapping. In particular, the image of
the unit ball in X, defined by

V= A{T(x) : |lzlx < 1},
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contains a ball around the origin in Y'; that is, there exists » > 0 such that:
By (0,7) C T(Bx(0,1)).

Now take any y € By (0,7). Then y = T(z) for some x € Bx(0, 1), hence:
1T~ (W)llx = llzllx < 1.

Therefore,
T-Y(By(0,7)) C Bx(0,1).

This implies that 7~! is bounded and

_ 1
17 < -
,
0
Corollary 1.2. Let || - ||; and || - ||2 be two norms on a vector space X, and suppose both

norms are complete (i.e., define Banach spaces), and there exists ¢ > 0 such that
x|l < c||x||2 for all z € X.

Then the norms are equivalent; that is, there exists ¢ > 0 such that
l|z]|2 < d||x||y for all z € X.

Proof. Consider the identity map:
Id (X fl2) = (X ()

This map is clearly linear, and the assumption ||z||; < ¢||z||2 means that it is bounded.
Since both normed spaces are Banach (complete), and the identity map is bijective and
bounded, we can apply Theorem 1.12, the inverse map

1A (X )] ) = (X - 2)
is also bounded. That means:
|zll2 < d||x]|y  for some ¢ > 0.

Hence, the norms || - ||; and || - ||2 are equivalent. ]
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1.6 Banach-Steinhaus Theorem

Theorem 1.13. Let X be a Banach space and Y be a normed vector space. Let 7 C a(X,Y)
be a family of bounded linear operators such that:

sup ||T(x)||ly < oo for every z € X.
TeT

Then:
sup || T'lacx.vy < o0
TeT

Proof. Define the set
K = {x € X :sup || T(z)]ly < 1}.
TeT

It is easy to verify that K is a closed, convex, and symmetric subset of X. For any x € X,
define:
M, = sup | T(z)|]y < oc.
TeT

Then

- _ - 7 <
HT <MI>H i 1 for allTG 7 s

which implies
e K

=ls

and x € M,K. Therefore
X = U nk.

n=1
By Lemma 1.3, it follows that K contains a neighborhood of the origin. Thus, there exists
r > 0 such that the open ball B(0,r) C K. Hence suppey ||T]] < r 7. O

1.7 Closed Graph Theorem

Theorem 1.14. If T': X — Y is a linear operator between Banach spaces, and its graph is
closed in X x Y, then T is bounded, i.e. T € a(X,Y).

Proof. Let X and Y be Banach spaces, and consider their direct sum X @Y equipped with
the norm

1z )l = llellx +Mlylly-

Define the canonical projections:
Py: XY — X, Px(x,y) =uz,
Pyr: XY =Y, Py(r,y) =y

Both projections Py and Py are bounded linear operators, since they act as coordinate
projections in the Banach space X @Y. Observe that Z := Graph(T) C X &Y is a closed
subspace such that the restriction

PX|Z 4> X
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is bijective. Then, by Theorem 1.12, its inverse
(Pxlz) ™ X = Z
is also a bounded linear operator. Define the operator T": X — Y by
T := Pyo(Px|z)™ "

In other words, for each x € X, we find the unique (x,y) € Z with first coordinate z, and
define T'(x) := y. Since both Py and (Px|z)~! are bounded, the composition T is also
bounded. Therefore,

T e L(X,)Y).

1.7.1 Neuman series

Theorem 1.15 (Neumann Series). Let X be a Banach space and let A € a(X, X)) be such
that ||A]| < 1. Then the series

AT=T+A+ A+ A%+ ..
n=0

converges in the operator norm to a bounded operator S € «(X,X), and this operator
satisfies

S=(-A""
Proof. Step 1: Convergence of the series. Since |A|| < 1, the sequence of partial sums
N
Sy=> A"
n=0

is a Cauchy sequence in the Banach space a(X, X). Indeed, for M > N we have

1A] ™
1—[lA]°

M
< AT <

n=N-+1

M
>, A

n=N+1

S — Syl =

Since the right-hand side tends to 0 as N — oo, (Sy) is Cauchy. Because a(X, X) is
Banach, Sy converges in norm to some S € a(X, X).
Step 2: Computation of the limit. For each N > 0,

N N N
(T—A)Sy=(T—-A)S A= A" =S Am =T — ANF!,
n=0 n=0 n=0

Taking the limit as N — oo gives

o T o 7T N+1
(I -A)S= A}l_l}lloo(l A)Sy =1 ]\}1_13(13014 .
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Since ||[ANTH| < ||A|M T — 0 as N — oo, we obtain
(I —A)S =1
Similarly, one shows S(I — A) = I. Thus S is the inverse of (I — A), i.e.
S=(-A""
We conclude that the Neumann series converges in a(X, X) and its sum is the inverse of

I - A [l

1.8 Strong and Weak Convergence
Definition 1.5. A sequence {x,} converges strongly to z if ||z, — z|| — 0.
Definition 1.6. A sequence {x,} converges weakly to x if f(x,) — f(z) for all f € X*.
Let (X, || -]|) be a normed vector space. We define the so-called canonical embedding
J=Jx : X - X" =(X")", by Jx(z)(f):=f(zr) forallze X, fe X"
Theorem 1.16. Jx is a linear and injective operator. Moreover

17x ()]

for every z € X.

Proof. Let x,y € X with x # y. Then x — y # 0. By the Hahn—Banach theorem 1.4, there
exists a functional g € X™* such that

lgllx =1 and g(x—y)=|z—yl|x >0.

Thus,
Ix(x)(g) = g9(x) # g(y) = Jx(y)(9),

so Jx(x) # Jx(y), which shows that Jy is injective. Next, we compute the norm of Jx(z) €
X

[x(@)[[x= =~ sup  [Ix(2)(f)l = sup [f(z)]= [lz]x.
fex=, | fllx-<1 1= <1

x= < ||z||x follows directly from the dual norm inequality:

[f (@) <[]

To obtain equality, again a the Hahn—Banach theorem 1.4, there exists f € X* with || f|

The inequality ||Jx ()|

x|zl x

X+ =
1 and f(z) = ||z||x. Then:
[Jx (@) x = [Tx (@) (f)] = | f(2)] = [lz]lx-
Combining both bounds gives:
[ Tx ()] = [l x,
which completes the proof. O
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Theorem 1.17. Let X and Y be normed vector spaces, and let {z,,} € X. Then
(i) If &, — x strongly in X, then x, — = weakly in X.
(ii) If z, — x weakly in X, then the sequence {||z,||x} is bounded and

lim inf |, x> [|e]]x.

(iii) If x, = @ weakly in X and T' € L(X,Y), then Tz, — Tx weakly in Y.
Proof. (i) Let f € X*. Since
[f(zn) = f(@)] = [f(2n = 2)| <[ fllx- - lon —2lx = 0 asn — oo,

we conclude that f(z,) — f(x), which means x,, — = weakly in X.
(ii) By the Hahn-Banach Theorem 1.4, there exists a functional f € X* such that || f||x- =1
and f(z) = ||z|x. Since z,, — x, we have

fan) = f(2) = [[z]lx.

Also, since |f(x,)| < || fllx+ - ||znl|x, it follows that

lallx = lim f(z,) < lminf oax.
Assume that z,, — x. Then, by definition of weak convergence, we have:

J(@n)(f) = fen) = fx) = J(2)(f), forall fe X7,

This means that the sequence {J(z,)} C X** converges pointwise on X* to J(z). Hence

sup |J () (f)] < o0

n>1

for every f € X*. Hence, for each f € X*, the sequence {Jx(z,)(f)} is bounded. By the
Banach-Steinhaus Theorem 1.13, it follows that the sequence {Jx(z,)} is uniformly bounded
in X** ie.

sup |[.Jx (&) [+ < 00.

Now, by Theorem 1.16 we conclude:

sup [|zn|[x = sup || Jx (za)| x+ < o0
n>1 n>1

This proves that any weakly convergent sequence in X is norm-bounded.
(iii) Let g € Y*. Then go T € X*, so

9(Twn) = (g0 T)(wn) = (90 T)(x) = g(T),

which proves that T'xz,, — Tx weakly in Y. O]
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Example 1.6. Let 1 < p < oo, and define a sequence {u,} C LP(R) by

un(t) =

1 iften,n+1),
0 otherwise.

This sequence converges weakly to zero in LP(R), but not strongly.
Indeed, observe that for any n # m,

1/p
it = tnlles = ( [ aa(t) = wn(®)pat) " =27
R

because their supports are disjoint. So the sequence is not Cauchy, hence not strongly
convergent. To prove weak convergence, recall that any f € (LP)* corresponds to a function
v € LY(R) (where % + % = 1) such that

Then, by the Holder inequality and Lebesgue’s dominated convergence theorem

n+1

Flun) = [untpetydt= [ oty dt < (/n"“ |v(t)|th>1/q 0 asn— oo,

n

because v € LY(R). Hence, u,, — 0 weakly in LP(R).

1.8.1 Eberlein—Smulian theorem

The weak topology on X is the coarsest topology on X such that all elements of X* remain
continuous.

In general topological spaces (especially non-metrizable ones), compactness does not co-
incide with sequential compactness. The weak topology on an infinite-dimensional Banach
space is not metrizable, so sequential compactness does not automatically follow from com-
pactness. However the following theorem shows that weak compactness and weak sequential
compactness are equivalent in Banach spaces.

Theorem 1.18 (Eberlein-Smulian Theorem). Let X be a Banach space and A C X. Then
the following are equivalent:

1. A is weakly compact.

2. A is weakly sequentially compact (every sequence in A has a weakly convergent subse-
quence).

1.8.2 Remarks on integrability and Vitali Convergence Theorem

For a family {f,} C L*(X, u) on a (possibly infinite) measure space, we say it is tight if

Ve > 0 3 measurable Ey C X, p(FEy) < oo such that sup/ |fn] dp < e.
n JX\Eg
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Theorem 1.19 (Vitali Convergence Theorem). Suppose that
1. The family {f,} C L'(X, u) is tight,

2. and {f,} is uniformly integrable, i.e. for every ¢ > 0 there exists § > 0 such that for
all measurable A C X with p(A) <4,

sup [ |fuldp < e
n A

If f, — f pointwise a.e. on X, then f is integrable on X and

Jiny [ 1= fldu =0,

that is, f, — f in LY (X, p).

The theorem generalizes the Dominated Convergence Theorem, where domination by an
integrable function implies tightness and uniform integrability.

1.9 Weak* Topology and Banach-Alaoglu Theorem

Definition 1.7. If {f,,} C X* is a sequence, then we say that f, converges to f € X* in the
weak* topology f, — f provided that

dim fo(z) = f(z) for every z € X.
Theorem 1.20 (Banach-Alaoglu). The closed unit ball
Dy« ={fe X" |Ifl <1}
in the dual of a normed space is compact in the weak* topology.
Proof. For each z € X, consider the closed interval:
(=l [l]l] < R.

Now define the product space:

K= L=l l=[1)

zeX

Each coordinate space is compact in R, and so by Tychonoff’s Theorem (in its elementary
form for products of compact metric spaces), the product K is compact with the product
topology. Define a map

®: Dx- = K, @(f):= (f(2))zex-
This is well-defined since for all f € Bx«, we have:
@IS -llzll < llzll, so f(z) € [z, [[=]]-

The mapping P is injective and continuous with respect to the weak™ topology in Dx-
Therefore, ®(Dx~) is a subset of a compact space K, and since it is closed in the weak-*
topology, it is compact. Thus, the unit ball Dy« is compact in the weak-* topology. O
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1.10 Reflexive Spaces

Definition 1.8. A Banach space X is reflerive if the natural map J : X — X** defined by
J(z)(f) = f(x) is surjective.

Theorem 1.21. Any reflexive normed space is a Banach space.

Proof. Let (X, ]| - ||) be a reflexive normed space. By definition the canonical map
Jx : X = X, Jx(x)(f) = f(z) for all f e X",

is an isometric isomorphism onto its image, and moreover, Jx(X) = X**. That is, X = X**
isometrically and surjectively. Since the dual space X* is a Banach space, then bidual X**
is also a Banach space. Therefore X inherits completeness from X**, and hence X is also a
Banach space. O

Corollary 1.3. Let X be a reflexive Banach space. Then every bounded sequence {z,,} C X
has a subsequence that converges weakly in X.

Proof. Since {z,} is bounded, there exists R > 0 such that z, € RDx for all n, where
Dx = {x € X : ||z|| < 1} is the closed unit ball. Since X is reflexive, the canonical
embedding J : X — X** is surjective. By the Banach—Alaoglu theorem, the closed unit ball
Dy« C X*™* is weak* compact. Reflexivity implies that J(Dx) = Dy« is weakly compact
in X.

Therefore, the bounded closed set RDx is weakly compact in X. By the Eberlein—-
Smulian theorem, weak compactness implies weak sequential compactness, so () has a
weakly convergent subsequence. O

Example 1.7 (Reflexive Banach Spaces). The following are examples of reflexive Banach
spaces:

o Every finite-dimensional normed space, e.g. R™.

Every Hilbert space H (by the Riesz Representation Theorem) — we will see later.
o LP(p) spaces for 1 < p < oo (with dual L (u), 1/p+1/q=1).
« (P spaces for 1 < p < oo (with dual ¢7).
Example 1.8 (Non-Reflexive Banach Spaces). The following are not reflexive:
o L'(p) and L*(u).
o (" and (.
e o, the space of sequences converging to 0.

Theorem 1.22. Any closed subspace of a reflexive Banach space is reflexive.
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Proof. Let X be a reflexive Banach space and Y C X a closed subspace. We want to show
that Y is reflexive. Since Y is a Banach space with the induced norm, consider its dual Y*.
By the Hahn—Banach theorem, each f € Y* can be extended to an element F' € X* with
the same norm. Thus, Y* can be identified with the quotient space

X*)Y+
where
Yt={FeX*": F(y)=0forallyc Y}
Taking duals again, we have
From basic duality theory, the dual of a quotient space is isometrically isomorphic to the
annihilator of the quotient, that is,

(X*/YJ_)* ~ (YJ.)L C X+
Because X is reflexive, we have X** = X. Hence
(V)= (YHt c X.

But (Y4)1 is exactly the weak-* closure of Y in X**, which equals Y since Y is closed in X.
Thus
Y7y =Y,

so Y is reflexive. O

Lemma 1.4 (Riesz’s Lemma). Let X be a normed space and Y C X be a proper closed
subspace (Y # X). Then for every 0 < a < 1, there exists x € X such that

|z| =1 and dist(z,Y) > a,

where
dist(z,Y) := ylg}f/ llx — vl

Proof. Since Y # X, there exists z € X \ Y. Because Y is closed, the distance
d:=dist(z,Y) = ;g}f/ |2 =yl > 0.

Choose yy € Y such that
d
Iz = woll < —
-«

1
Define
Z =%
=
12 = ol

Then ||z|| = 1. For any y € Y, we have y +yo € Y, so
12 =50 — 12 — wollyll
Iz = oll

By the choice of yg, one shows that dist(z,Y) > a. Hence, such an x exists, which completes
the proof. 0

lz =yl =
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Using Riesz’s lemma, in an infinite-dimensional normed space X we can find a sequence
(z,) C Bx such that

1
lzall =1 and ||z — 2] = 5 for n # m.

This sequence has no convergent subsequence. Hence Bx is never compact (in the strong
topology) provided that X is infinite-dimensional.

1.11 Compact Operators

Definition 1.9. T : X — Y is compact if it maps bounded sets to relatively compact sets.
The following are equivalent ways to characterize when a linear operator 7' is compact:
1. T is a compact operator.

2. For every bounded sequence (z,) C X, there exists a subsequence (z,,) such that
(T'x,, ) converges in Y.

We denote by K(X,Y) the set of all compact operators.

Theorem 1.23. Let X be a normed space, Y a Banach space, and (7)) a sequence of
compact operators T;, : X — Y such that 7,, — T in the operator norm. Then 7T is also a
compact operator, i.e. T' € K(X,Y). In other words, K(X,Y") is a closed linear subspace of
a(X,Y) .

Proof. Take any € > 0. By the compactness properties, it is enough to prove that the set
for any e, the set T(Bx(0,1)) can be covered by finitely many balls in Y of radius ¢ (i.e. it
is totally bounded). Since T,, — T in the operator norm, we can choose an index m; such
that

€
T, — Tl < 5. (1)
Since T}, is compact, there exist points z1,...,2; € Y such that
k
Ty (Bx(0,1)) € | By (2),2/2). (2)
j=1

Now, for every z € Bx(0,1), from (1) and (2) we can find an index j with

9 9
1T () = zilly < 1T(x) = Ty (@)lly + [T (2) = 2lly < 5+ 5 =2

2 2
Hence i
T(BX(()? 1)) - U BY(Zjv 5)'
j=1
This shows that T (Bx(0,1)) is totally bounded, and therefore 7" is compact. O

Definition 1.10. A linear operator 7' : X — Y is said to have finite rank if its range
R(T) :=T(X) is a finite-dimensional subspace of Y.
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If we take vectors yi,...,yn € Y and bounded linear functionals Aq,..., \,, € X*, then
the operator

T — ilwc) i ()

has finite rank because its range is contained in the finite-dimensional subspace of Y spanned
by Yy Ym-

Lemma 1.5. Every finite rank operator can be written in the form ().

Proof. Let y1,...,ym € Y be a basis of R(T). Any element y € R(T) can be uniquely
expressed as

y=cyr+ -+ cmYm,

where the coefficients ¢; depend linearly and continuously on y. These coefficients define
bounded linear functionals ¢; : R(T)) — R. Thus, for any y € R(T') we have

y=ca@y+ -+ cnly)ym.
In particular, for all x € X,
Tr =ci(Tx)y; + -+ + e (TT) Y.
Hence T has the form (k) if we define \;(x) = ¢;(Tx). O
Theorem 1.24. Every finite rank operator 7' : X — Y is compact.

Proof. Take any bounded sequence {z,,} C X. Then the sequence {Tx,} C Y is bounded
and lies in R(T"). Since R(T) is finite-dimensional, every bounded sequence in R(7') has a
convergent subsequence. Therefore T is compact. O

Let X and Y be Banach spaces. A bounded linear operator
T:X—->Y

is called a Fredholm operator if the following conditions hold:
1. The kernel ker(7') = {x € X : Tz = 0} is finite-dimensional.
2. The range R(T) = {Tx :x € X} is closed in Y.
3. The cokernel Y/R(T)) is finite-dimensional, i.e.

codim(R(T)) = dim(Y/R(T)) < cc.
The index of a Fredholm operator T is defined as
index(7T") = dim(ker T") — codim(R(T")).

Theorem 1.25 (Atkinson). Let K : X — X be a compact operator on a Banach space X.
Then the operator I — K is Fredholm of index 0.
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1.11.1 Spectrum o a bounded operators

Let X be a real vector space and T': X — X a real linear map. The complexification of X
is

Xe=XerC={x+iy|z,yec X}
The complezification of T', denoted T, is the map

Te: Xe = Xe,  Te(z+iy) = Ta + iTy,

for all z,y € X.

Properties
1. Tt is C-linear:
T(c((a +1b)(z + Zy)) = T(c((ax — by) +i(ay + bx)) = T(ax — by) +iT(ay + bx),

which equals
(a + ib)(Ta +iTy) = (a + ib)Te(x + iy).

2. Tc extends T': if we identify X with X +i0 C X¢, then

Definition 1.11. Let X be a normed space and let T' € o(X, X). We define:
o The resolvent set of T as
p(T) ={X € C: X — T is bijective}.
o The spectrum of T as
o(T) = C\ p(T).
e A number \ € C is called an eigenvalue of T if

ker(A —T) # {0}.

Even though T is real, the spectral parameter A is taken in C. This is because the
characteristic polynomial of a real matrix or operator may have complex roots.

Note that if A is an eigenvalue of T if there exists u € X \ {0} such that Tu = Au. This
agrees with the usual definition of eigenvalues for matrices.

Theorem 1.26. Let 7' € a(X, X) be a bounded linear operator on a Banach space X. Then
the resolvent set p(7') is open.
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Proof. Let \g € p(T'). Then Aol — T is invertible. Denote
Ro= (NI —T)' € a(X, X).
For any A € C, we can write

M =T = (Xl =T) + (A=) = (Aol = T)[T+ (A= Xo)Ro|.

Since A\gI — T is invertible, the invertibility of A\l — T is equivalent to that of

I— (Mo — MRy
Let M = ||Ry|. if
1
A — | < e

then
|(Ao = A)Rol| < [A = Aol || Rol| < 1.

By the Neumann series (Theorem 1.15), I — (Ao — A)Rg is invertible with

(7~ (o — NRo) ™ = S (A= M) Ro)",

n=0

which converges in operator norm. Therefore, for all A in the disc
B(Xo, /[ Roll) = {A € C||A = Aol < 1/[|Roll} € p(T).
Hence, p(T) is open.

1.11.2 Types of Spectrum

The spectrum can be decomposed into:

1. Point spectrum o,(T): set of eigenvalues, i.e.

0,(T) = {\ € C | ker(\ — T)) # {0}}.

2. Continuous spectrum o.(T): A\I —T is injective and has dense range, but not surjective.

3. Residual spectrum o,.(T): A — T is injective, but its range is not dense in X.

Lemma 1.6 (Spectral Radius Formula). Let X be a Banach space and T' € a(X, X)) be a

bounded linear operator. Then
o(T) C{re C:[A[ < [T}

Hence o(T) is compact.
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Proof. Take any A € C such that || > ||T]|. We will prove that A\I — T is invertible, which
implies that A € p(T") and therefore A ¢ o(T"). We can write

1
M =T =A(1-5T).
A
Because || > ||T'||, we have
1 7]
—T|=-—<1L1
=5
Now we use the Neumann series for A = 1T Since ||A|| < 1, the Neumann series converges,
SO
1.\7! = /1. \"
I—=7) =% (=1) .
(=51) =5 0G0)
Hence

(A —T)! = i([ - lT)_l RS <1T)n,

and this series converges in operator norm. Therefore A\I — T is invertible, which implies
that A\ € p(T'). Since this holds for all |A| > || T||, we conclude that

o(T) c{A e C: N[ < [IT[]}-
O

Theorem 1.27 (Spectral Theorem for Compact Operators). Let X be an infinite-dimensional
Banach space (complex or real) and T' € (X, X). Then

1. 0€o(T);
2. Every A € o(T) \ {0} is an eigenvalue of T
3. If o(T) is infinite, then o(T) = {\,}22, U {0} with A, — 0 as n — 0.

Proof. (a) If 0 ¢ o(T), then T is invertible. But I = T'T~" would then be compact, implying
that the unit ball of X is compact, which contradicts the infinite-dimensionality of X.

(b) Suppose A # 0 is in o(7") but is not an eigenvalue. Then AI — T is injective, but
not surjective. Since N(Al —T) = {0} and A\ — T is Fredholm of index 0, we obtain that
R(M —T) = X, hence \ € p(T'), a contradiction.

(c¢) Assume that {\,} C o(T) \ {0} is such that A\, — A as n — oo. Since for each
n > 1, A\, is an eigenvalue of T', choose e, # 0 an eigenvector of T' corresponding to \,,.

For every n > 1, the eigenvectors e, es,...,e, are linearly independent. We argue by
induction. Suppose ey, ...,e, are linearly independent and consider e, ;. If e, ; were a
linear combination of eq,...,e,, relabeling if necessary, we could write

n
€ny1 = Z Q€5
i=1
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Applying T to both sides,

n
Teni1 = Mgi1€py1 = Z&z‘)\nﬂei,
i=1

but also .
Te, 1 = Z QNi€;.

i=1

Since ey, ..., e, are linearly independent, we get

Oéi()‘i_/\n—ﬁ—l) =0 foralli= 1,...,n.

Because \; # A1, this forces o; = 0 for all ¢, contradicting e,.1 # 0. Thus the claim is
proved.

Now, we construct a sequence violating compactness. Indeed, set E,, = span{ey,...,e,}.
By the claim, the sequence { E, } forms a strictly increasing chain of subspaces. By the Riesz
Lemma, for each n > 2 there exists u,, € F, such that

lun|| =1 and  dist(up, En_1) >

DO | —

For n > m > 2, note that
(MI—-T)(E,) CE,1, Al —=T)(E,) C Epq.

From this it follows that

Tu, Tu,y,
——— €U, —Un+ Ep1=u, + B, —
N N 1 1
and T T 1
U, Um, .
— 2> dist(uy, By ) > -
HAn AmH—IS(“ RES
Because T' is compact and ||u,|| = 1, the sequence {T'u,} must have a convergent subse-

quence. However, the above inequality shows that {T'u, } cannot be Cauchy, a contradiction.
Finally, write

o(T)\{0} = J An,  Av=0(T)N{XeC:[A>1/n}.
n=1
By Step 1, each A, is finite, hence o(7T) is at most countable. If ¢(7T') is infinite, then 0 is

its only accumulation point. This completes the proof. O

Corollary 1.4. Let T : X — X be a compact operator on a Banach space X. Then every
A€ o(T)\ {0} is an eigenvalue of T, and its eigenspace ker(T — AI) is finite-dimensional.

Proof. Since ker(A —T') # {0} and A\I — T is Fredholm, dimker(7"— A/) < co. Hence the
eigenvalue A has finite multiplicity. O]
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Remark 1.4. Although 0 is always in the spectrum o(7") when X is infinite-dimensional,
it is not always in the continuous spectrum o.(T).

o If T is not injective, then 0 is an eigenvalue (point spectrum).

0€0,(T) <= ker(T) # {0}.

o If T is injective but not surjective, and Ran(T") = X, then
0 € o.(T),
i.e. 0 lies in the continuous spectrum.

o If T is injective but Ran(7") # X, then 0 is in the residual spectrum.

Remark 1.5. In finite-dimensional spaces, linear maps 7' are precisely matrices. In this
case, the spectrum consists only of eigenvalues:

o(T) = 0,(T),

and there is no continuous spectrum and no residual spectrum

Examples

Example 1.9. Let T : (> — (? be defined by

Ty To2 &
T(ZL’l,IQ,Ig,...):( ! 2 3 >

23 A
Each A\, = 1/(n + 1) is an eigenvalue with eigenvector e,. The value 0 is not an eigenvalue
(no nonzero vector is mapped to 0), but it is in the spectrum as an accumulation point. The

point spectrum (set of eigenvalues) is {1/2,1/3,1/4,...}, and 0 belongs to the continuous
spectrum.

Example 1.10. Consider the right shift operator S : /2 — (2 defined by
5(171,1'2,1‘3, .. ) = (0,5(71,1‘2, .. )

Observe that 0 is not an eigenvalue, since Sx =0 = x = 0. The range is not dense, so 0
is not in the continuous spectrum. Hence,

0 € o,(9),
that is, 0 lies in the residual spectrum of S.

Example 1.11. The operator T : C|0, 1] — C[0, 1], defined by

(T5)(@) = [ () dy.

is is compact and there are no eigenvalues of 7. o(T") = 0.(T") = {0}.
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1.11.3 Adjoint Operator in complex Banach Spaces

Let X be a Banach space, and let X* denote its dual space. If T': X — X is a bounded
linear operator, its adjoint operator

T X" — X*

is defined by
(T*f)(z) = f(Tx) forall fe X", xe€X.

Equivalently, T*f = fo T.

Lemma 1.7 (Properties of the Adjoint Operator). Let TS € «(X, X) be bounded linear
operators on a Banach space X, and let o € C. Then:

1. Linearity: (S+T)*=S*+T* (aT)" =aT".
2. Norm equality: ||T*|| = ||T||.
3. Composition rule: (SoT)* =T* o S*.
4. Double adjoint: 1f J : X — X** is the canonical embedding, then
JoT =T"0oJ,
where 7% : X** — X** is the double adjoint.

5. If X is reflexive (i.e. J is surjective), then 7" can be naturally identified with a
bounded operator on X itself.
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1.12 Hilbert Spaces, Projections and Orthogonality
A Hilbert space is a complete inner product space.

Definition 1.12 (Complex Hilbert Space). A complex Hilbert space is a vector space H over
the field of complex numbers C, equipped with an inner product

() : Hx H— C,

which satisfies, for all z,y,2z € H and «, 8 € C:

1. Conjugate symmetry: (z,y) = (y, ).
2. Linearity in the first argument: (ax + Sy, 2) = oz, 2) + By, 2).

3. Positive-definiteness: (z,z) > 0, and (z,x) = 0 if and only if z = 0.

The inner product induces a norm by

2]l = /{2, 2).

The space H is called a Hilbert space if it is complete with respect to this norm, i.e., every
Cauchy sequence in H converges to a limit in H.

Lemma 1.8 (Parallelogram Law). For any x,y € H,
lz +yl* + llz = ylI* = 2]l ]1* + 2ly|1>
Proof. By the definition of the norm induced by the inner product:
lz +ylI* = (z +y.2 +y) = 2] + 2Re(z, y) + [ly[I*,
lz = ylI* = (x —y, 2 —y) = ||z]|* = 2Re(z, y) + [ly[|*.
Adding these two equalities gives:
lz +yl* + llz — ylI* = 2[|=]1* + 2[ly|*
O

Definition 1.13. A normed space X is called uniformly convex if for every € > 0, there
exists 0 > 0 such that for all z,y € X with

[zl =llyl =1 and |z -yl > e,

it holds that
r+y

Hg1—5

Theorem 1.28. Every Hilbert space is uniformly convex.
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Proof. Let H be a Hilbert space. Suppose ||z|| = |ly|]] = 1. Then using the parallelogram

law: - | .
EE = Sl + ) = §lle =yl = 1= Jlla — gl

If ||z — y|| > e, then:

2
rty <1_7 H H \/1_7<1
2
So for any € > 0, choosing 6 =1 — /1 — % > () shows uniform convexity. O]

Theorem 1.29. Every uniformly convex Banach space is reflexive.

This is a classical result in functional analysis. It follows from the Milman—Pettis theorem,
which shows that the closed unit ball in a uniformly convex Banach space is weakly compact,
implying reflexivity by the Eberlein—-Smulian theorem. We leave this theorem without proof.

Corollary 1.5. Every Hilbert space is reflexive.

Theorem 1.30 (Cauchy—Schwarz Inequality). Let H be a Hilbert space. For all z,y € H,
we have

[z, 9)| < =] - llyll.
Equality holds if and only if x and y are linearly dependent.

Proof. If x = 0 or y = 0, then both sides are zero, and the inequality holds trivially. Assume
x # 0 and y # 0. Define a scalar A € C as

_{zy)
Iyl

Now consider the norm of the vector x — A\y. Since norms are always non-negative, we have

0< flo—Ml* = {z =g,z = \y).
Expanding using linearity of the inner product:
Iz = Myll* = (@, 2) — Mz, y) — My, 2) + [A*{y. y).
Note that (y, ) = (z,), and {(y,y) = ||y||>. Substitute:
= [ll* = Xz, y) = M, y) + [APlly]1*.

Since A = (x,y)/||ly||*, we compute:

[(x, y)|?
AP lyll? = :
[ly|?
Also,
2
_ - z,
Mz, y) + Mz, y) = 2Re(Mz, y)) = 2 '<”yﬁ2' :
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Putting it all together:

[z, 9> | [(z,9)? (2, y)[?
e I " I T
Since ||z — A\y||?> > 0, we get:
HxHQ _ |<l‘7y>|2 > ()
lyl> —

which implies:
[, ) < Nl - [y )™,
Taking square roots gives:
[{z, )| <l - llyll-

Equality: Equality holds if and only if ||z — Ay||*> = 0, i.e., z = Ay, so ¥ and y are linearly
dependent. O

Theorem 1.31 (Projection Theorem). Let H be a Hilbert space and M C H a closed
subspace. Then for every x € H there exists a unique decomposition

r=y+z,
where y € M and z € M+. Equivalently, there exists a unique y € M such that
e —yll = inf [l —m].
Proof. Ezistence. Fix x € H. Consider the set
d= inf, flo = m]|
Because M is closed and H is complete, there exists a sequence (m,,) C M such that
|z — my,|| = d as n — co.

Since ||z — m,,|| is bounded, (m,,) is a bounded sequence in H. Note that

My, + Mg

I(z = ma) + (z — my)| _2Hx— > 94

and by Lemma 1.8,
Iz = mn) = (& = m)[* + [z = ma) + (@ = m) [ = 2[l(z = ma)[I* + 2| (& — ) |°.

It follows that (m,,) is Cauchy. Because M is closed, the limit y = lim,,_,o, m, exists and
lies in M. Thus ||z — y|| = d, so y is a minimizer.

Orthogonality. Let z = x —y. We show that z € M*. Take any m € M. For any scalar
t e R,
lz = (y +tm)||* = ||z — tm|* = [|2]|* — 2t Re (z,m) + £*[|m||*.
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Because y minimizes the distance, the function f(t) = ||z — (y + tm)]||* has a minimum at

t =0, hence f'(0) = 0.
Differentiating:
f'(t) = —2Re (z,m) + 2t||m]*.

Thus f/(0) = —2Re (z,m) = 0, giving (z,m) = 0. Hence z € M*.
Uniqueness. Suppose T = y1 + 21 = ys + 2o with y1,y2 € M and 21,2, € M*. Then
(Y1 —y2) = (22 — 21).
The left side is in M, the right side in M*. Hence both sides are in M N M+ = {0}, so
Y1 = yo and z; = 2o. O
1.13 Riesz Representation Theorem

Theorem 1.32 (Riesz). If H is a Hilbert space, then for every f € H*, there exists a unique
y € H such that f(x) = (z,y). Moreover,

171 = Tlyll

Proof. It f =0, then take y = 0.
Assume [ # 0. Then ker(f) is a closed proper subspace of H. By the projection theorem,
we can choose a vector z € [ such that

z L ker(f), z # 0.
For any x € H, we can write = u + oz, where u € ker(f) and a € C. Then
f(@) = flu+az) = f(u) + af(z) = af(2),
since f(u) =0 for u € ker(f). We define

_ /@

IR ER

For any x € H,

(x,y) = <u + az, ﬁﬁgz> = aﬁﬁl (z,2) = af(z) = f(z).

Thus, such y exists.

Uniqueness: If yi,yo € H satisfy f(x) = (x,y1) = (z,y9) for all x, then (z,y; — y2) = 0 for
all z. Taking z = y; — yo, we get ||y1 